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Abstract: The thermal relaxation dynamics of complex systems is closely connected to their 

energy landscapes. The structural properties of the coarse-grained landscapes can vary 

considerably: While for spin glasses binary tree structures are used, Stratified Basin Models 

(SBM) proved to be appropriate for capturing the MgF2 energy landscape features. The 

similarities and the differences between those models give rise to the question, to what extent the 

aging and rejuvenation features observed in spin glasses can also be found in the MgF2 

dynamics. The results of model calculations show, that also in the MgF2 SBM these are clearly 

present. 
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1. Introduction 

1.1.  Dynamics of complex systems 
Complex systems with their many degrees of freedom often show surprising dynamic 

features. Understanding, and more importantly predicting, the dynamical behavior of such 
systems is of great importance in science and technology, especially in connection with 
applications. Such behavior is intimately related to the energy landscape of the system [1, 2, 
3, 4], which governs to a large extent the thermal dynamics as well as the response to 
external stimuli. In particular, the metastable regions of the landscape sometimes referred to 
as basins that correspond to locally ergodic regions [5, 6], and their mutual relation [7, 8, 9, 
10] are important elements for the dynamics. These metastable regions of the energy 
landscape are related to persistent system features, which can be observed during the time 
evolution of the system. Depending on the system in question these could be for instance 
chemical compounds (with their crystallographic configurations) [11, 9, 12, 13, 14, 15] or 
different configurations of proteins [16, 17, 18, 19]. The thermal dynamics will 
predominantly prefer to stay in the metastable regions of the landscape, while transitions 
over energy barriers will occur only from time to time leading to a temporal evolution on 
longer time scales. Thus the connections and the transitions between the metastable regions 
are of special interest. One expects that the long-time evolution will predominantly be 
dependent on the structural properties of this connectivity network between metastable 
regions. 

In this short note, two classes of complex systems will be considered, which differ in the 
structure of the connectivity network of their coarse-grained energy landscapes. One class 
combines systems, for which the connectivity network can successfully be modeled by tree 
structures [20, 21, 22, 23, 24], while for systems in the second class Stratified Basin 
Models are more adequate [25, 26, 27]. The first class encompasses spin glass systems, 
polymer glasses, and structural glasses, while the second contains chemical compounds, 
which are capable of exhibiting a variety of distinct crystallographic configurations that are 
typically well-separated on the energy landscape. 

The thermal dynamics of spin glasses show a number of interesting and surprising 
features, which have been explained in terms of their tree-like coarse-grained energy 
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landscapes. Similarly, explanations of various features of the (simulated) dynamics of 
structural glasses have been sought through the study of their energy landscapes [28]. In 
particular, they exhibit an aging behavior once they are cooled below their glass transition 
temperature. In addition, when subjected to certain temperature protocols, they show a 
phenomenon called ―rejuvenation‖ or ―age reinitialization‖. Such aging phenomena have 
also been observed in chemical systems, both experimentally, for instance in amorphous 
polymers [29], and in simulations, for instance of amorphous silicon boron nitride [30]. 

The purpose of this note is to investigate, whether similar features can be observed in the 
thermal dynamics of systems belonging to the second class and in particular in the dynamics 
on a MgF2 landscape, which has been used in studies on how the dynamics in such systems 
can be controlled to drive the system towards certain crystallographic configurations [25, 
26, 27]. 

     

 

2. Dynamics on energy landscapes 

The energy landscape paradigm sets out from a state space of a system described by 
some continuous or discrete variables α labeling a state, where for each state its energy E(α) 
is known. In addition to the states, a neighborhood relation between the states is needed, 
such that each state α has a defined set of neighbors N (α). Only then the energy function 
become an energy landscape, in which features like local minima or a pass between two 
such local minima are technically defined. For instance, in a spin glass system, the 
neighborhood could be given through the condition that neighboring states differ by a single 
spin flip. A trajectory on the landscape is a sequence of states such that two successive ones 
are neighbors. If one cuts through such a landscape a graphical representation as in Figure 
1 results. 

For a rugged energy landscape, the system dynamics lead to trajectories that spend 

considerable time inside the basins, which are separated by energy barriers. The transition 

from basin to basin will take considerably longer than transitions between states within one 

basin. 

 

Figure 1. A sketch of an energy landscape exhibiting several local minima. The energy 

is plotted along a trajectory leading from one minimum to the next and looks similar to 

a hiking trail in a mountainous landscape. 

 

 
  Thus local thermal equilibrium is established fast within a basin compared to 
thermal equilibrium between basins. This suggests to coarse grain the state space into larger 
macrostates. Such coarse graining is depicted in Figure 2. The state space is separated into 
nodes i of microstates α, such that all α within node i can reach each other by trajectories 
not leaving i. This ensures that the microstates in node i can attain mutual equilibrium much 
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faster than with microstates belonging to different nodes. 
 
 
 

 
 

Figure 2. The coarse graining of a complex state space is shown.  All states within one 

energy region here delimited by the red dashed lines are lumped into the black nodes. 

These nodes become the macrostates for the coarse grained description of the thermal 

system dynamics. On the left energy barrier controlled coarse graining generically leads 

to a binary tree (here an LS-tree is shown [31, 32]), while on the right energy level 

controlled coarse graining leads to a Stratified Basin Model. The ―permeable‖ barriers 

(dashed blue) separating two macrostates at the same energy level are of the entropic-

kinetic type, representing the paucity of connections between the microstates belonging 

to two different macrostates at this energy [33, 34]. While the binary tree models have 

been successfully used in the modeling of spin glass dynamics, the Stratified Basin 

Model is well adapted for the modeling of MgF2 energy landscapes. 

 
The thermal dynamics on time scales longer than the equilibration times inside a 

node are influenced by the likelihood of transitions between nodes [35, 36], which in a 
Markovian description leads to corresponding probability flows between nodes. Such flows 
are also responsible for the relaxation towards equilibrium [37, 38], and—if controlled—for 
the progress of optimization algorithms like simulated annealing [39, 40]. 

The thermal dynamics on the coarse grained state space of nodes i can be very well 
described by a Markov process here chosen discrete in time 

 

  

 

 

 

where N is the total number of nodes, Pi (t) the probabilty to be in node i and T (t) i s  
the temperature at time t. 

The transition rates Gij(T(t)) depend on the temperature T, as the rates need to establish 
thermal equilibrium with respect to T in the long time limit. The transition rates also depend 
on the energy assigned to the nodes, which is usually achieved through an averaging 
procedure over the microstates belonging to the node. In addition, the nodes will in general 
have different degeneracies gi due to the coarse graining process assigning different 
numbers of microstates to one node. And finally, there will be kinetic factors                
f 

(kin)
 = f 

(kin)
 which control the speed of the relaxation between two nodes i and j. Note 

that only those nondiagonal elements of the transition matrix Gij(T(t)) are nonzero for 
pairs of nodes i and j which are connected by an edge in the connectivity structure: 
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with ΔE = Ei – Ej being the corresponding energy difference. In those transition 
probabilities, the degeneracies capture the entropic effects of the coarse graining, while the 
kinetic factors capture the connectivity between the coarse grained microstates. Thus the 
dynamics can for instance not only be influenced by energetic barriers but also by 
entropic barriers.  

If the microstates possess not only energy as a property but another physical property X 
in addition (like volume or magnetization), subjecting the system to an external change 
in the corresponding field y (like pressure or a magnetic field) will modify the energy 
assignment to a state 

 

                                    Eα = E
0
 + yXα,                               (3) 

which is then often referred to as enthalpy. Correspondingly the macrostates (nodes) are 
also assigned enthalpies. 

In Figure 2 the graph on the left shows a coarse graining suggested for spin glass energy 
landscapes. The structure shown is known as an LS-tree, which turned out to be an 
appropriate structure in modeling the aging and rejuvenation features observed in spin 
glass dynamics. The graph on the right shows a coarse grained energy landscape of a 
Stratified Basin Model appropriate for, e.g., a MgF2 system, for which J.C. Schön and 
collaborators obtained landscape data [41, 35, 42] employing the threshold algorithm [43, 
20, 44]. That data can directly be used in a Stratified Basin Model, and turns out to be 
successful in capturing its thermal dynamics. 

Obviously, the structure of the coarse grained landscapes differs considerably: One is a 
tree model with a hierarchy of nested metastable regions, the other is a Stratified Basin 
Model, allowing transitions between basins even though these are slow compared to in-
basin processes. The differences but also the similarities between the two types of coarse 
grained landscapes give rise to the question, of whether the observed and successfully 
reproduced spin glass features—aging and rejuvenation—also occur in the Stratified Basin 
Model. 

 

3. Aging in the MgF2 Stratified Basin Model 

Aging phenomena in spin glass systems are characterized by slow changes in system 
properties even though they appear to be in thermal equilibrium on short time scales [45, 46, 
47, 48]. Such effects have been modeled successfully by Markovian dynamics on tree 
structures [49, 37, 38, 50], which can be understood as suitably coarse grained energy 
landscapes of the modeled spin glasses. If one applies energy barrier controlled coarse 
graining [27] a binary tree as depicted in Figure 2 on the left is obtained. The salient feature 
of the aging in spin glasses is the dependence of experimental results on the waiting time tw 
elapsed between quenching the system and the start of an experiment as for instance the 
decay of the thermo-remanent magnetization in ref. [51]. 

To what extent can one find similar aging effects in the thermal relaxation on the 
energy landscape of MgF2 with its Stratified Basin Model? As a basis for that investigation, 
an SBM for MgF2  is used, which had been developed before [25, 26, 27] to study the 
optimal control for driving such systems into desired basins. Here the same SBM is used 
with a simplifying change: The volumes assigned to the nodes within one basin are all the 
same but different for each basin. In order to see aging effects the MgF2 system‘s thermal 
dynamics were simulated using the following temperature protocol: After a quench from an 
equilibrium distribution at an initial high temperature to a low temperature at roughly one 
third of the initial temperature the temperature is kept fixed and the system is aged for the 
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waiting time tw. 
After the ―aging‖ or ―waiting‖ phase experiments can be performed. Here, the volume 

autocorrelation function C(tw, t) is used as an indicator of possible aging effects, where the 
time t gives the time span between the two volume measurements for which the correlation 
is determined. In thermal equilibrium and for fixed pressure the volume autocorrelation 

 

                                           Ceq(t) = Ceq(tw, t)                      (4) 

 
depends on t only. Out of equilibrium, one expects an explicit dependence on both times 
separately. 

Within the model this becomes apparent, if one expresses the volume auto-correlation in 
terms of the propagator Hji(t)  

 

 

    

 

 

 

where  P 
ini

 is the initial distribution at the time of the quench and the propagator Hji(t) gives 

the probability of being in node j after time t having started in node i. Here the 

temperature and pressure during the time intervals tw and t need to be kept constant. 
In Figure 3 the simulation results for C(tw, t) are shown for different waiting times tw 

after the quench, where the equilibrium volume autocorrelation Ceq(t) has been deducted 
for better readability. One clearly sees that the volume autocorrelation depends on both 
times, where with increasing tw the difference to the equilibrium autocorrelation decays. 
Thus also the MgF2 Stratified Basin Model shows aging effects. Analyzing the data 
reveals that this aging behavior can be traced back to the slow relaxation processes between 
the basins. The in principle present fast inner basin relaxation does not show up due to the 
model assumption that equilibrium inside a basin is established in one time step. More 
generally, the above result indicates that SBMs generically will show aging effects. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Figure 3. The difference between the volume autocorrelation and its equilibrium 
counterpart is shown for different waiting times tw measured in units of the typical intra 
basin relaxation time. The waiting times give the time elapsed between quenching the 
system from a high temperature to its measurement temperature. The curves show, that 
the system has not reached thermal equilibrium, instead, it ages and the volume 
autocorrelation changes as a result. 
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4. Rejuvenation in the MgF2 Stratified Basin  Model 

A second surprising feature of the spin glass dynamics is a phenomenon called 
―rejuvenation‖ or ―age reinitialization‖. The term refers to the observation,  that a spin 
glass, which has aged for a certain waiting time after a quench, can be partially 
rejuvenated by a ―temperature pulse‖ in the sense that the response to a magnetic field 
changes after the pulse resembles the response after the quench [52, 51, 1]. More 
specifically, this resemblance occurs if the time between the quench and the beginning of 
the experiment and the time between the pulse and the beginning of the experiment are the 
same. 

In the following, the temperature T is expressed in energy units Eu, and the Boltzmann 
factor x = exp( 0.1Eu/T )  (also referred to as  ―temperature‖)  is used as a proxy for T. 

The protocol for the rejuvenation experiment is shown in Figure 4. After the quench, the 
system is aged at x = 0.22 for tw = 200. In addition, a temperature pulse between time t 
= 153 and t = 170 of duration 17 (10% of the time till the end of the pulse) is applied, 
during which the temperature is raised to xp. After that, a second waiting time of 30 
time units elapses before the experiment starts. 

In Figure 5 the volume autocorrelation measurements are shown for different pulse 

temperatures xp, again after the deduction of the equilibrium autocorrelation at x = 0.22. 

For protocol 0 with xp = 0.22 equal to the aging temperature (= no pulse) the curve for 

tw = 200 of Figure 3 is regained. Using protocol 1 with increasing xp the volume 

autocorrelation curves approach the volume autocorrelation curve for a waiting time tw 

= 30. At temperature xp = 0.6 a short temperature pulse can nearly reset the relaxation 

entirely. As a result one finds, that also in landscape models with the SBM structure the 

―rejuvenation‖ or ―age reinitialization‖ phenomenon is present.  

 
 
 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4. The temperature protocol for the temperature pulse experiments giving rise to 

the ―rejuvenation‖ or ―age reinitialization‖ phenomena is shown. The temperature pulse 

raises the temperature during the pulse to xp reseting partly the relaxation achieved 

during the waiting time before. 
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Figure 5. The changes in the difference between the volume autocorrelation and its 

equilibrium counterpart are shown for different ―rejuvenation‖ or ―age reinitialization‖ 

protocols. With increasing pulse temperature xp the curves resembles more and more 
the curve for the remnant waiting time after the pulse indicating the partial reset of the 
relaxation before the pulse. 

 

 

 

5. Summary 

The energy landscape paradigm provides an effective tool for understanding the thermal 
relaxation dynamics of complex systems. It allows to construct coarse grained descriptions 
of such systems, on which modeling approaches like Markov chains can be applied. For 
different system classes, the resulting models can show quite different connectivity 
structures. Here two of those—tree structures and Stratified Basin Models—have been 
compared in order to find out, whether the ―aging‖ and ―rejuvenation‖ (or ―age 
reinitialization‖) phenomena well known from the tree models for spin glasses can also be 
observed for the Stratified Basin Models employed for the description of for instance 
MgF2 landscapes. 

The numerical experiments performed here using the volume autocorrelation as an 
indicator showed clearly, that such phenomena are also present in the MgF2 SBMs. Due to 
the simplifying assumptions made here, further studies should be performed to see how 
general the results are. In particular, time-resolving the intra basin relaxation will certainly 
add a new level to understanding the interplay of those fast time scales with the slower 
inter basin relaxation. 
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